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Abstract
In this paper, some tensor commutation matrices are expressed in
termes of the generalized Pauli matrices by tensor products of the Pauli
matrices.
1 Introduction
The tensor product of matrices is not commutative in general.However, a
tensor commutation matrix (TCM) n⊗ p, Sn⊗p commutes the tensor prod-
uct A⊗B for any A ∈ Cn×n and B ∈ Cp×p as the following
Sn⊗p(A⊗B) = (B ⊗A)Sn⊗p
The tensor commutation matrices (TCMs) are useful in quantum theory and
for solving matrix equations. In quantum theory S2⊗2 can be expressed in
the following way (Cf. for example[1, 2, 3])
S2⊗2 =
1
2
I2 ⊗ I2 +
1
2
3∑
i=1
σi ⊗ σi (1)
where σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
and σ3 =
(
1 0
0 −1
)
are the Pauli ma-
trices, I2 is the 2× 2 unit-matrix.
1
S2⊗2 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


S3⊗3 =


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1


The Gell-Mann matrices are a generalization of the Pauli matrices. The
TCM n⊗ n can be expressed in terms of n× n Gell-Mann matrices, under
the following expression [4]
Sn⊗n =
1
n
In ⊗ In +
1
2
n2−1∑
i=1
Λi ⊗ Λi (2)
This expression of Sn⊗n suggests us the topic of generalizing the formula (1)
to an expression in terms of some generalized Pauli matrices.
For the calculus, we have used SCILAB a mathematical software for numer-
ical analysis.
2 SOME GENERALIZATIONS OF THE PAULI
MATRICES
In this section we give some generalizations of the Pauli matrices other than
the Gell-Mann matrices
2.1 KIBLER MATRICES
The Kibler matrices are
k1 =

1 0 00 1 0
0 0 1

, k2 =

0 1 00 0 1
1 0 0

 k3 =

0 0 11 0 0
0 1 0

,
k4 =

1 0 00 q 0
0 0 q2

, k5 =

1 0 00 q2 0
0 0 q

, k6 =

0 q 00 0 q2
1 0 0

,
2
k7 =

0 0 q1 0 0
0 q2 0

, k8 =

0 0 q
2
1 0 0
0 q 0

 k9 =

0 q
2 0
0 0 q
1 0 0

, are the 3× 3
Kibler matrices [5].
The Kibler matrices are traceless and
1
3
I3 ⊗ I3 +
1
3
8∑
i=1
ki ⊗ ki = P (3)
with P =


0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1


a permutation matrix.
2.2 THE NONIONS
The nonions matrices are [6]
q0 =

1 0 00 1 0
0 0 1

 q1 =

0 1 00 0 1
1 0 0

, q2 =

 0 1 00 0 j
j2 0 0


q3 =

0 1 00 0 j2
j 0 0

, q4 =

0 0 11 0 0
0 1 0

, q5 =

0 0 j1 0 0
0 j2 0

,
q6 =

0 0 j
2
1 0 0
0 j 0

, q7 =

j 0 00 j2 0
0 0 1

, q8 =

j
2 0 0
0 j 0
0 0 1


The nonions are traceless and
1
3
I3 ⊗ I3 +
1
3
8∑
i=1
qi ⊗ qi = P (4)
2.3 GENERALIZATIONBY TENSOR PRODUCTS OF PAULI
MATRICES
There are also some generalization of the Pauli matrices constructed by
tensor products of the Pauli matrices, namely. (σi ⊗ σj)0≤i,j≤3,(σi ⊗ σj ⊗
σk)0≤i,j,k≤3, (σi1 ⊗σi2 ⊗ . . .⊗σin)0≤i1,i2,...,in≤3 (Cf. for example, [7, 8]). The
elements of the set (σi1 ⊗ σi2 ⊗ . . . ⊗ σin)0≤i1,i2,...,in≤3 satisfy the following
properties (Cf. for example, [7, 8])
Σ+j = Σj (hermitian) (5)
3
Σ2j = I2n (Square root of unity) (6)
TrΣ+j Σk = 2
nδij (Orthogonal) (7)
3 EXPRESSING A TENSOR COMMUTATION
MATRIX IN TERMEOF THEGENERALIZED
PAULI MATRICES
Definition 1 For n ∈ N∗, n ≥ 2, we call tensor commutation matrix n⊗ n
the permutation matrix Sn⊗n such that
Sn⊗n(a⊗ b) = b⊗ a
for any a,b ∈ Cn×1.
The relations (1), (2), (3) and (4) suggest us that there should be a gener-
alization of the Pauli matrices (si)0≤i≤n2−1 such that
Sn⊗n =
1
n
In ⊗ In +
1
n
n2−1∑
i=1
si ⊗ si (8)
We would like to look for matrices (si)0≤i≤8 which satisfy the relation (8).
The TCMs S4⊗4, S8⊗8 can be expressed respectively in terms of the gener-
alized Pauli matrices (σi⊗σj)0≤i,j≤3, (σi⊗σj ⊗σk)0≤i,j,k≤3 in the following
way.
S4⊗4 =
1
4
I4 ⊗ I4 +
1
4
15∑
i=1
si ⊗ si
where s1 = σ0 ⊗ σ1, s2 = σ0 ⊗ σ2, . . . , s13 = σ3 ⊗ σ1, s14 = σ3 ⊗ σ2,
s15 = σ3 ⊗ σ3.
S8⊗8 =
1
8
I8 ⊗ I8 +
1
8
63∑
i=1
Si ⊗ Si
where S1 = σ0 ⊗ σ0 ⊗ σ1,..., S63 = σ3 ⊗ σ3 ⊗ σ3 That is to say, this general-
ization by the tensor products of the Pauli matrices satisfy the relation (8).
So we think that (8) should be true for n = 2p, p ∈ N , p ≥ 2. For proving
it, we give the following lemma which is the generalization of a proposition
in [9].
Lemma 2 If
∑m
j=1 Mj ⊗ Nj =
∑n
i=1 Ai ⊗ Bi then∑m
j=1 Mj ⊗ K ⊗ Nj =
∑n
i=1 Ai ⊗ K ⊗ Bi
4
Proof. Let K = (Kj1j2 ) ∈ C
q×s, Mj = M
k1
(j)k2
∈ Cp×r, Ai = A
k1
(i)k2
∈ Cp×r,
Nj = N
l1
(j)l2
∈ Ct×u and Bi = B
l1
(j)l2
∈ Ct×u∑m
j=1 M
k1
(j)k2
N l1(j)l2
=
∑n
i=1 A
k1
(i)k2
Bl1(j)l2
K
j1
j2
∑m
j=1 M
k1
(j)k2
N l1(j)l2
= Kj1j2
∑n
i=1 A
k1
(i)k2
Bl1(j)l2∑m
j=1 M
k1
(j)k2
K
j1
j2
N l1(j)l2
=
∑n
i=1 A
k1
(i)k2
K
j1
j2
Bl1(j)l2∑m
j=1 M
k1
(j)k2
K
j1
j2
N l1(j)l2
and
∑n
i=1 A
k1
(i)k2
K
j1
j2
Bl1(j)l2
are respectively the elements of the k1j1l1 row and k2j2l2 colomn
the
∑m
j=1 Mj ⊗ K ⊗ Nj and
∑n
i=1 Ai ⊗ K ⊗ Bi. That is true for any
k1, j1, l1, k2, j2, l2. Hence,
∑m
j=1 Mj ⊗ K ⊗ Nj =
∑n
i=1 Ai ⊗ K ⊗ Bi
Proposition 3 For any n ∈ N∗, n ≥ 2,
S2n⊗2n =
1
2n
3∑
i1,i2,...,in=0
(σi1 ⊗ σi2 ⊗ · · · ⊗ σin)⊗ (σi1 ⊗ σi2 ⊗ · · · ⊗ σin)
Proof. Let us proof it by reccurence. According to the relation (1). The
proposition is true for n = 1. Suppose that is true for a n ∈ N∗, n > 2.
Let us take e1 =
(
1
0
)
, e2 =
(
0
1
)
, which form a basis of the C-vector space
C2×1. It suffise us to prove
1
2n+1
3∑
j1,j2,...,jn+1=0
(σj1⊗· · ·⊗σjn+1)⊗ (σj1⊗· · ·⊗σjn+1)(eα1⊗· · ·⊗ eαn+1)
⊗ (eβ1 ⊗ · · · ⊗ eβn+1) = (eβ1 ⊗ · · · ⊗ eβn+1)⊗ (eα1 ⊗ · · · ⊗ eαn+1)
1
2n
3∑
j1,j2,...,jn=0
(σj1⊗· · ·⊗σjn)⊗ (σj1⊗· · ·⊗σjn)(eα1⊗· · ·⊗ eαn)⊗ (eβ1⊗· · ·⊗ eβn)
= (eβ1 ⊗ · · · ⊗ eβn)⊗ (eα1 ⊗ · · · ⊗ eαn)
that is
1
2n
3∑
j1,j2,...,jn=0
((σj1eα1)⊗ · · · ⊗ (σjneαn))⊗ ((σj1eβ1)⊗ · · · ⊗ (σjneβn))
= (eβ1 ⊗ · · · ⊗ eβn)⊗ (eα1 ⊗ · · · ⊗ eαn)
5
According to the lemma above
1
2n
1
2
3∑
j1,j2,...,jn,jn+1=0
[(σj1eα1)⊗· · ·⊗(σjn+1eαn+1)]⊗ [(σj1eβ1)⊗· · ·⊗(σjn+1eβn+1)]
=
1
2
3∑
jn+1=0
(eβ1⊗· · ·⊗ eβn)⊗(σjn+1eαn+1)⊗(eα1⊗· · ·⊗ eαn)⊗(σjn+1eβn+1)
from the relation (1)
S2⊗2(αn+1 ⊗ βn+1) =
1
2
3∑
jn+1=0
(σjn+1eαn+1)⊗ (σjn+1eβn+1) = eβn+1 ⊗ eαn+1
According again to the lemma above
1
2
3∑
jn+1=0
(eβ1 ⊗ · · · ⊗ eβn)⊗ (σjn+1eαn+1)⊗ (eα1 ⊗ · · · ⊗ eαn)⊗ (σjn+1eβn+1)
= (eβ1 ⊗ · · · ⊗ eβn ⊗ eβn+1)⊗ (eα1 ⊗ · · · ⊗ eαn ⊗ eαn+1)
Conclusion and discussion
We have calculated the left hand side of the relations (3) and (4), respectively
for the 3× 3 Pauli matrices of Kibler and the nonions in expecting to have
the formula (8), for n = 3. Instead of S3⊗3 we have the permutation matrix
P as result. However, that makes us to think that there should be other
3× 3 Pauli matrices which would satisfy the relation (8). These 3× 3 Pauli
matrices should not be the normalized Gell-Mann matrices in [10], because
the 4 × 4 matrices which satisfy the relation (8) above are not the 4 × 4
normalized Gell-Mann matrices in [10], even though these normalized Gell-
Mann matrices satisfy (8). The relation (8) is satisfied by the generalized
Pauli matrices by tensor products of the Pauli matrices, but only for n = 2k.
However, there is no 3 × 3 matrix, formed by zeros in the diagonal which
satisfy both the relations (5) and (6). Thus, the 3× 3 Pauli matrices which
should satisfy (8), if there exist, do not satisfy both the relations (5),(6)
and (7) like the generalized Pauli matrices by tensor products of the Pauli
matrices.
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